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Abstract 

A problem of denning the quantum analogues for semi-classical twists 
in U (g) [[t]] is considered. First, we study specialization at q = 1 of singular 
coboundary twists denned in t/ 9 (fl)[[t]] for n being a nonexceptional Lie 
algebra, then we consider specialization of noncoboundary twists when 
@ = 5(3 and obtain q— deformation of the semi-classical twist introduced 
by Connes and Moscovici in noncommutative geometry. 
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1 Introduction 

Hopf algebras play an increasingly important role in noncomutative geometry 
and Quantum Field Theory. One of the sources for producing new types of 
Hopf algebras is twisting, a deformation of the coalgebraic structure of a given 
Hopf algebra (if, /j,, 77, A, e, S) preserving the algebraic structure (if, /i, rj). Such 
deformations are generated by the twisting elements (twists) T £ (if ® if) 
satisfying the conditions 

(1) 

{e®id){T) = (id<8>e)(.F) = 1 

that guarantee = (if, fi, rj, k&T o A, e,S) is a new Hopf algebra. In fact, 
when if is not hnite dimensional, T is usually defined in some completion of 
the tensor product and if is understood to be a topological Hopf algebra. 

In this article we consider two types of twists: the semi-classical ones if 
if = U(q) [[t]] and the quantum ones if if = E/^fl) [[£]]. Some of the semi- 
classical deformations such as those defined by the Jordanian twists [5] HU| 
appear as the limiting cases of the quantum ones (in the sense that specialization 
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at q — 1 is extended to work for topological Hopf algebras). It was a motivation 
for us to study the quantum twists as many computational problems involved 
into a direct check of drastically resolve when one works with E/g(fj)[[t]] 
instead of U(g) [[t]] and thus the quantum twists is a source for many universal 
deformation formulas in the sense of 

The work is organized as follows. After preliminary section intended to 
fix notations, we show that if q is a nonexceptional simple Lie algebra, then a 
quantum analogue of the Jordanian twist can be taken to be a coboundary twist 
in U q ( 3 ) [[# 

J {e x ) ■= (W ® W)A(W- 1 ), where W = exp qx (^— e A ); qx ■= <7 (A ' A) 

with e\ being a quantum highest root generator in some quantum Cartan-Weyl 
basis. We prove that J {ex) 1S nonsingular and specializes to a nontrivial twisting 
of J7(f|)[[f]]. As an application of the Jordanian twists to noncommutative 

geometry , we prove that there is a homomorphism of the Connes-Moscovici 
Hopf algebra i : Hi — > £^(-5 [3 )[[£]], with T being a Jordanian twist, where Hi 
has the following structure 

[Y,X]=X, [Y,S n ]=nS n , [X,S n }=S n+1 , [<S fc ,*,]=0, k,l>l 
A(Y) = Y ®l + l(g>Y, A(Si) = Si <g> 1 + 1 ® St 

(2) 

A(X) = X ®1 + 1®X + 8 1 ®Y. 

Through factoring H[ := Hi/ < 82 — \ Sf >, one obtains in fact an embed- 
ding 

f.H'i^U^islsM] 

and the twist found in £Q: 

n c f v- \k vn—k 

F = E tn H ^( 2y + k ^ ® 7^3fcV ( 2y + » - *)* ( 3 ) 

n>0 k=0 ' ^ 

where (a)k — a(a + 1) • • • (a + k — 1) and S*(A) = —A + c^Y", can be obtained 
as a pullback F = of a semi-classical twist $ in [/-^(s [3 )[[£]]. In section ?? 
we show that 1 can be " quantized" , thus leading to a quantum analogue of H[ : 
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fcxfc 1 = q 2 x, kzk 1 = q 2 z, q 2 xz — zx = —tz 
A(k) = k<Z>k, A(z) = z ® k + 1 ® ^ 

A(x) = i®r 1 + i®i + tz® — — 

1 — q 2 
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2 Preliminarities 



Let q be a simple Lie algebra with the set of simple roots tt = {ai, . . . , a at} 
and the Cartan matrix = a,j = 2(a,-,o;j)/(Q;,-,aj). By definition, a Hopf 

algebra C/ 9 (cj) is generated by {e,, /i, 1 }i<i<jv over C(g) which are subject to 
the following relations 



h — k i 



13 q-q- 1 



EM) 



ri=0 
1-a 



1-3 



E (-!) r 



n=0 

where qt = q *2 and 



1 - a< 



1 - a ?; 



for i 7^ j 
for i ^ j 



\n\ni\m — n 



(4) 
(5) 

(6) 
(7) 



[k] q l=[l} q [2} q ...[k} q , [I\ t = tf- q -*)/( q - q -i) 

The Hopf algebra structure is defined uniquely by fixing the values of the co- 
product on the Chevalley generators 



A(fcj) = ki ® h 
A(e;) = fc^ 1 ® e< + e; <g> 1, A(/,) = /< ® fc, + 1 ® £ 



(8) 
(9) 



S(fcj)=A;ri, S-(ei) = -fcie*, S(fi) = -f i k^ 1 (10) 

e(fci) = l, e(ei)=0, e(/i) = 0. (11) 

Letting = e ft and Ki := q7* in fljl-qil[l. we come to definition of J7/j(g)[[/i]], 
the topological Hopf algebra over C[[/i]]. 

One introduces a linear ordering on the set of positive roots A + by fixing 
the reduced decomposition of the longest element in the Weyl group wq = 
Sii Si 2 ■ ■ ■ Si M . Then the linear ordering read from the left to the right is the 
following 

A+ { a ii > s ii a i2 ) ■ ■ ■ ) s il s i2 ' ' ' s »M-l a iM }• (1^) 

An ordering l|12f> is normal, namely for each a, /3 € A + such that a+/3 6 A + and 
a -< P, we have a -< a + j3 -< (3. There is one-to-one correspondence between the 
reduced decompositions of the longest element in the Weyl group and the normal 
orderings given by (|12fl . Following one defines the generators corresponding 
to the composite roots. For a chosen normal ordering on A+ let a, (3, 7 G A+ 
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be pairwise noncollinear roots, such that 7 = a + (3. Let a and (3 are taken so 
that there are no other roots a' and j3' with the property 7 = a' + j3' . Then if 
e± a and e±p have already been constructed, we set 

e 7 = e a ep - q^ a ^epe a , e_ 7 = e^ p e^ a - q^^^e- a e^p. 

For any root 7 G A + define 

i? 7 := exp^ (-(q - q^ 1 )a^ 1 e 7 fc 7 (g) fc 7 X / 7 ), 

where g 7 = g( 7 > 7 ) and 

ex Pg (x) := £ — , (n),! = (l),(2) 9 ...(n)„ (fc), = (1 - <z fc )/U - ?)• 

n>0 

with factors a 7 coming from the relations 

_ fc 7 — fc 7 1 
[e 7 , e_ 7 j — a 7 , . 

q-q 

The elements i? 7 are understood to be taken in some completion of U q (g)<E)Uq(g) 
(the Taylor extension or the h— adic [B])- Now the coproducts of composite root 
generators can be expressed in terms of the adjoint action of the following factors 

'■= Y\_ ^7' 

1^.0 

where the product over all the positive roots such that -i (3 is taken in accordance 
with the chosen normal ordering. Namely, we have the following 

Theorem 1 (|Hl |9|). Consider the canonical isomorphism f) ~ f)* defined by 
the bilinear form ( , ) on \). Let hp 6 t) be the image of a root [3 £ f)* with 
respect to this isomorphism. Then the following identity holds: 

A(e p ) = R^(k~ 1 (dep + ep® (13) 

Proof. Note that is equivalent to Proposition 8.3 from |S] if one applies 
(S ® S) to both parts of 

A° p (e Q ) = (n^r) (l®e«» + ea®&a) I J| i? 7 I 

\7<ct / \7<Q / 

(notations are of 0) and check that our construction of the modified basis differs 
by the change q «-» q^ 1 ■ □ 

We conclude this section by adding remarks on specialization [j^. Let A = 
C[q, be a ring of rational functions regular at q = 1 and let f7 g (fl) be 

an .4 subalgebra in C/ g (g) generated by la, ft, fc" 1 , — — ^- 1 then 



U q (3) ®ACnU(g) 
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where C is regarded as an A module (q acts as 1). By construction of the 
quantum Cartan-Weyl basis we have the property 

A( e/3 ) G U q (g) ®U q (g) 

but, in fact, one can deduce from 1131) more restrictive property 

AM -i^ er e^le(9- q- 1 ) U+(q) ® U+b) (14) 

f - h — 1 1 

where Uq(&) is generated by jej, fc^ 1 , — — — j. In what follows we are usually 

working rather with completions t/g(fl)[[£]] and U q (g) <S> C^j (£))[[*]] m which the 
twists are to be defined. Let us formulate the following simple result which is 
of value for further application 

Proposition 1. Let T 6 U g (g) <Z> Uq(o)[[t\] be a twist in U q (Q)[[t\], then its 
specialization T , obtained by order-wise specialization of its coefficients from 
Uq(gi) ® U q (g) at q = 1, is still a twist in U(o)[[t]]. 

Proof. Indeed, representing J as a series 

F =\®1 + Tit + T 2 t 2 + ■■■ 

we see that is a equivalent to an infinite set of identities and each of them 
after specializing q = 1 remain valid. Thus 

T= 1® l+Tit + T 2 t 2 + ■■■ 

is a twist in U(g) [[t]]. □ 



3 Quantum Jordanian twists 

We restrict ourselves to consideration of nonexceptional Lie algebra g and define 
the quantum Jordanian twists as those specializing to semi-classical ones which 
define quantization of skew-symmetric extended Jordanian r— matrices: 

r x = H x A E x + 2 E n A E ~n 

71^72, 7l+72=A 

by the rule 

U = Txii^x 1 = 1 ® 1 + 1 a mod t 2 , 

where we have denoted by Hx,E 1 the elements of the classical Cartan-Weyl 
basis. 

Let us fix some normal ordering on A + and define a generator eA £ U q (g) 
corresponding to the highest root A according to the recipe from the previous 
section. Then nonexceptional root systems are remarkable by the following 
property: 
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Proposition 2. Let g be a non exceptional Lie algebra, then there is such a 
normal ordering "-<, " on A + so that 

[e 7 , exlg-c-r.x) = for any 7 -<! A, and e 7 , e A <E U q {o). 



Proof. The proof is based on the expansion |5J |U] : 

e 7 e A - <T (7 ' A) e A e 7 = cin^ e \ ' ' ' e % ( 15 ) 

7^71 -< <7j -< A 

where c; )7)A G C[g, q ]■ Non zero terms in the sum are subject to condition 

j + \ = h7i+h72 + --- + lj7j- (16) 
In An we choose a normal ordering as 

roots without oti 

a?i >- ai + Qf2 >-•••>- a.\ + 0^2 + • ■ ■ + a^v >- Q!2 >- ■ • • >- ctN-i + oin >~ O-n 

and X = ai + ■ ■ ■ ajsr- If A ^ 7 ^ ajv we can satisfy (|15f) only with zero coeffi- 
cients. 

In Bff we have 

roots without cti 
, * > 

a 1 y a 1 + «2 >- • ■ ■ >- cti + 2«2 + ■ ■ • + 2qin-i + 2(3 >- a.2 y c<2 + a 3 y ■ ■ ■ y /3 

and A = «i + 2a 2 H h 2aAr_i + 2/3. 

In Cat we fix the following ordering 

roots without (3 

ai -< ai + ct2 -< ■ ■ ■ -< ai H h ajv-i -< 2(ai + ■ ■ • + ajv-i) + (3 -< 

ai + • ■ ■ + ajv_i + /3 -< • • • -< ai + 2(a 2 + • ■ ■ + aw-i) + /3 -< • • • -< 011 -< ■ ■ ■ -< fl, 

and A = 2(ai + • • • + c^at-i) + (3. This ordering eliminates all non zero terms on 
the r.h.s of JTSJl. 

In D pj we have quite a similar situation 

ai >- ai + 0L2 y ■ ■ ■ >- cti + ■ ■ ■ + ajv-i y ai + ■ ■ ■ + O-N-i + (3 y 

oil + oi 2 + ■ ■ ■ + 2aAT_ 2 + ctjv-i + /3 >-•••>- ai + 2a 2 + • ■ ■ 2aAr_ 2 + ajv-i + >~ 

roots without oil 
a 2 >- «2 + "3 >~ ■ ■ ■ >~ P, 

and A = a± + 2a 2 + • ■ ■ + 2oin-2 + cw-i + (3. □ 
As a direct consequence of Proposition [3 we obtain 
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Proposition 3. A q— commutation holds 

(e x ® l)(A(e A ) - e A ® 1) = g A (A(e A ) - e A (g> l)(e A ® 1) uAere g A = q( A ' A >. 
Proof. The statement follows from Proposition [21 and (|13[) if one notices that 

R*\(e\® 1) = (e A <g> l)£ xA . 



□ 



Let us define a coboundary twist 

f 

1-qx 

Then the following is true 



J {ex) ={W® W)A(W~ 1 ), where W = exp ?A (- — e A ) 



Proposition 4. j7(e A ) is nonsingular and defines a nontrivial twisting ofU(g)[[i\] 
in the limit q — > 1. 



Proof. By Proposition we have 

l®e A exp -i (-- — 

1-qx q >- l-qx 



J{e x ) = exp gA (— — 1 ® ex) exPq- 1 (~ q — ( A ( e A) - e A ® 1)). 



The latter representation is nonsingular and from C/ g (g) <g> C/ (? (g)[[t], which is 
obvious if one uses the Campbell-Hausdorff formula after applying the diloga- 
rithmic representation of q— exponent @|: 

ex P?A (t~^- x ) = cxp \J2 7T m x " 
1-qx l^ n ( 1_ «") I 

along with the properties l|14|) and 

[ex,U+( )]e(q-l)U+(Q). 

Note, that to be self-consistent one can directly verify that (|17fl satisfies 1)21) [1. 

considering l|2(J|) as a functional equation for the function Li2(t ■ x, q) : 

Li2(t ■ x, q) = ln(exp g (y3^ a;)). Finally, J is a twist by Proposition^ D 

Example 1. Consider g = sIn+i- We have the following formula for the co- 
product associated with the chosen normal ordering 

roots without a\ 



a\ >~ Ot\ + Ct2 >~ ■ ■ ■ >~ Ct\ + Q'2 + • ■ ■ + CKjV >~ Ct2 >~ ■ • • >~ &N-1 + a N >~ 

given by 

N-l 

A(e Cl _ Cjv+1 ) = /c £i 1 _ ejv+i (g)e ei _ ejv+1 -|-e ei _ ejv+1 ®l+(l— q 2 ) ^ e Cl _ ei+1 fc e .| i _ CN+i (g)e ei+1 _ ejv+1 

i=l 
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where a t = e* - e i+i . 

To calculate specialization J r (e ei _ ejv+1 ), we represent J^e^-^^) in the 
following form 



N-l 



J{e tl - tN+l ) = exPg- 2 (-i ^ e £l _ £l+1 fc e ^ i _ ejv+i ® e £l+1 _ £jv+1 Ci jA r + i) Ji 



where 



C liiV +i = exp 92 (-^-2 e £l _ £jv+1 ) ■exp g _ 2 ( 1 * e £l _ £jv+1 ) (18) 



and 



Jl = exp g2 ( - - ^ 2 lg)e £l - ejV+1 )exp g -2(- 1 ^ fc £1 1 _ £JV+1 ® e £l _ £jv+1 ). (19) 
Calculation of (|18|l — <|19|) is based on the Heine's formula from 

z — ; (n)q! 1-3 1-9 



n>l 



Note that l)20[l can be recast so that to hold in U q (g) ® t/ g (g)[[i]]: 
+n fk^ 1 -l\ ( k~ x a 2 ( n -V-l\ 



(21) 

7^1 c 



as one checks — ' N+ i_-. 6 U q (o). Applying the specialization map 



a i— > a := a <8>.4 1 

to each of the tensor factors in l 7(e £1 _ £JV+1 ) we come to a formula of [51 ITU]: 



i7( e ei— ejv + l) — 

exp(-t Eil^ 1 ^l.i+i ® ^i+i,iv+ie"5 CT1 ' 



[ 1 <g> 1 + \^( 1 )» f " gl - Ar + 1 ( gl > jV + 1 -I)"- (#UV+i -"■+!) 

\ n>l 

here 

cti.at+i = ln(l - t E l N+1 ) = — — Ei 



N+l 

n 

n>i 



and 



^ei — e kt i i 1 
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4 The Cremmer-Gervais twist and its special- 
ization at q — > 1 

In this section we consider nontrivial quantum twists in [7^ (5(3 )[[£]] and their 
semi-classical limits q — » 1. As is known from the classification of Belavin- 
Drinfeld triples, there are two possible Belavin-Drinfeld triples for 5(3. The first 
one, the empty triple, is accounted for the Drinfeld-Jimbo deformation itself, 
while the second is associated with another deformation which can be called 
the Cremmer-Gervais quantization 2 and there is a solution to Q defining the 
twisting element providing a possibility to deform £//i(s [3 )[[/*]] further. To be 
self-consistent we first recall the construction of this twist from and then 
study different possibilities to define specialization q — > 1, unveiling a surprising 
connection with the Connes-Moscovici algebra Hi. 

Proposition 5 ( An element 

Jcg = $cg • AC = exp 2 (£ e 32 ® e 12 ) q '^® h ^ , £ e h . C[[h}}, 

where 

h Wl = |en - |(e 2 2 + e 33 ), h W2 = |(en + e 2 2) - |e 3 3 (22) 
loii/i iui j2 feeing i/ie fundamental weights, is a twist. 

Proof. It is clear that AC = g "'2® *»i defines an abelian twist of U qh (sl3)[[h]\. 
It leads to the following new Hopf algebra C/™ (SI3) [[/i]] with the same algebra 
structure as for U qh (sl3)[[h]] and the new deformed coproducts: 

A K (ei 2 ) = 9,; 2 <8 eu + e i2 ® 1, A K (e 23 ) = gjj 1 '-' (8 e 23 + e 23 ® 9^'° 

Ajc(e 2 i) = e 21 (g) g^ 2 '" 1 + g"Vi ® e 21 , A K (e 32 ) = e 32 ® g^ 1 '" 1 + 1 <8 e 32 

where h m ^ n := m h wi + n h W2 . We are done if we prove that <&cg is a twist for 
U qh (s [3 )[[«]]■ Indeed, explicitly reads as the following 

exp -2 (£ e 32 <g> ei2 ® 1) • exp -2 (£ (e 32 ® g^ 2 ' 11 ' -1 + 1 ® e 32 ) ® ei 2 ) = 

exp -2 (f 1 <g> e 32 (g) e i2 ) • exp -2 (£ e 32 ® (g^ 2 1,-1 <g> e i2 + e i2 <g> 1)) 

and by the characteristic property of g— exponent 

exp 9 (x + y) = exp q (y) exp g (x); xy = qyx 

HJ holds. □ 

Consider now the problem of defining specialization of Jcg- To do so, 
we introduce from the beginning a C(q) analogue of [/^(s[ 3 )[[/i]], which we 
denote by {/'(sfo). As an algebra ^(5(3) is an extension of [^(sfe) obtained by 
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attaching elements Li (the maximal lattice), so that Kj — Yli=i L^' 3 ■ On the 
other hand, as a coalgebra U^sls) has a new coproduct fixed uniquely by its 
values on the Chevalley generators 

A(Li) =Li®Li 

A(ei) = Ll 2 L\ ® ei + ei ® 1, A(e 2 ) = L^ 2 ® e 2 + e 2 ® L x 

A(/i) = fx ® L^-i + L^ 1 ® /i, A(/ 2 ) = / 2 ® + 1 ® /a, 

where are invertible, pairwise commuting and satisfying 

LiejLr 1 = q s i,i ej , I., J, I., : = 7 ( /.,. 

In the sense of [?] define the regular form U'{sls) as a A := C[g, algebra 
such that there is an isomorphism 

^(st 3 )^C( ? )«^(s[ 3 ). 

[/'(sis) is generated over A by the following set of generators 

{ L;1 -j~r' e,J *} 

If we denote by the " barred" generators the images of generators under special- 
ization map 

a a := aigul, 

then the generators of JJ' q {s{^) specialize to the classical Chevalley generators of 
U(sls) as the following: 

ei = E12, e 2 = E23, 

fi = E 2 i, f 2 — E32, 

(see (J230- Let us additionally make completion £^(513) [[i]] then we can formu- 
late a q— analogue of Proposition [5] 

Proposition 6. An element 

$ CG = exp ? - 2 (C h <8 ei), C G * • -A[[i]] 

is a twist in Uq{&h)[\t]]- 

On the other hand apart from &cg we can construct the twists in C7g(sl3)[[t]] 
which restrict to L^(st3)[[i]] only after a suitable change of basis which is im- 
plemented by some coboundary twist, namely we can prove 



q - 1 



q - 1 



(23) 
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Proposition 7. An element 

T C G = {V®V)e^ q - 2 { q 2< 2 l f 2 ®e 1 )A{V~ 1 ), (£t-A[[t]}, 
H l — a 



where 

V = exp g - 2 (- - _ ^ 2 eiLjLz 2 ) ■ cxp g2 ( — -~ h), 



restricts to a twist of £^ (-5 (3 )[[£]] ■ 
Proof. By the form of the coproducts 

A(eiLf£2 2 ) = eii?L^ 2 ® L 2 ^ 2 + 1 ® eiifij 2 , A(/ 2 ) = / 2 ® L^l + 1 ® /a 
we have explicitly 

1 - g 2 



•^cg = ( U®exp 9 - 2 (-- ^ eiL^ )^ 

o~ 2 • c ■ t t C 

exp g - 2 ( 2 / 2 ® ei )ex Pg - 2 (-^— - / 2 ® J L- 2 J L 2 )A(ex Pg2 (^— - eiZifij ))■ 



Using the five terms relation, 0]: 
If [m, [u, v]]„2 = [v, [u,v]] q -2 = then 



e q 2 (u) ■ e q 2 (v) = e q 2 (v) ■ e q 2 ( E u ' U D ' e ? 2 ( u ) ( 24 ) 

we can simplify 

exp a (__J_ / 2 ®L- 2 J L 2 ) ex p 2 (-— ^ 1 <g> e x L 2 L^ 2 ) = 



0- 1 - 0' 

exp g -2 (- - - \®e 1 L 2 L~ 2 2 ) exp „-a(^- /2 ® ei) exp 2 (- - f 2 ®L~{ 2 L\) 

1 1 — q z H \ — q z H l — o 



r t — g 

and thus JF CG transforms to the following form 

T CG = exp 9 - 2 (-Y^2 (f2®L^ 2 L 2 +e 1 L 2 L^ 2 (g,l))e^p q 2(^-^ {f 2 ®l+L 2 L^ 2 e 1 ®L 2 L^ 2 )) 

and finally by the Heine's formula we have 

L7 2 L 2 - 1 L- 2 L 2 a 2 ^ n - 1 ) - 1 



T CG = t4i 1 ® ^l^T 2 ' ' ' 2 1 " ) (*-/ 2 ®l+C-£?£ 2 - 2 ei®L?£ 2 - 2 

t1>i ^ V 9 1 9 - 1 ) 



the latter expression restricts to ^(-5(3) [[i]] as we have 

r-2r2 2(n-l) i 
^— ^ G t/ 9 (5l 3 j 



□ 
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5 Semi-classical twists and noncommutative ge- 
ometry 

Proposition 8. There is a semi- classical twist T and a homomorphism 

Proof. We solve more general problem of obtaining quantization Ti.[ q in the 
sense that there is an embedding 

where 'H\ q denotes an appropriately defined q— deformation of Consider 
the following coboundary twist in C^(st3) [[£]]: 

J := (W <g> W)A(W- 1 ), W = exp„- 2 (~—^ e 1+a Li) 

where 

ei+2^1 := (eie 2 - q e 2 e 1 )L 1 
has the following coproduct 

A(ei +2 Li) = ei +2 Li ® L\ + 1 ® ei +2 ii + (1 - <7 2 ) dLfL' 2 ® e 2 L x . 

By the properties 

(1 ® ei +2 Li)(ei +2 Li <g> L 2 + (1 - q 2 ) e x L\L^ 2 <g> e 2 Li) = 

<T 2 (ei +2 Li <g> L 2 + (1 - q % )e x L\L^ 2 <g> e 2 L 1 ){\ ® e 1+2 £i), 

(eiL 2 i^ 2 <g> e 2 Li)(ei +2 Li ® i 2 ) = g- 2 (ei +2 £i ® L\){e x L 2 L^ 2 <g> e 2 L x ) 

J is nonsingular, the reasoning is same as in Proposition 0] and can be repre- 
sented in the following form 

Ji 

J = Adexp g _ 2 (-- — e i+2^i ® l)(exp g2 (f eiL^L^ 2 ® e 2 Li)) • 

' " " " v 

exp g - 2 (- - - ^ ei +2 Li ® 1) exp ?2 ( 1 _ g2 ei+ 2 Li (g> L 2 ) . 

Let us check that for both factors we have 

Ji, 2 G U q (sh)®U' q (sl 3 )[[t}}. 
Indeed, it follows from explicit form of the factors J x> %: 

Ji = cxp 2 (t e\L\L,2 2 — — ® e 2 Li ) , 

V 1 - 1 ei +2 Li / 

12 



(n),-2! a -1 a -1 <r — 1 



n>l V V « 

Calculating specialization at g = 1 we come to 



j = ex P (t e 12 - 1 0^ 23 ) fi^i + vc-ir^^ ^ 1 ^ 1 n+1) 

^ ^ n! 

J" defines a noncoboundary deformation of U(sls) [[t\] as it follows from 

J21 + J- 

On the other hand its quantum counter part J is coboundary in E/q(sl3 )[[£]] and 
amounts to switching to another basis of ^(-5(3) [[i]]. In particular, the subset 
of generators 

{LiL2 1 ,ei,f 2 } 

is changing in the following way 

L\L- 2 1 ► W{L\L^)W- X = LjL-\ e x W{e x )W~ x = e,——^ 

1 — t ei +2 ^i 



t _ 1 r o r _n 1 



/ 2 1 ► W(f 2 )W~ 1 = h - 2 ?" 1 ^i^2 2 ei , . 

l — g l — t e\+ 2 L\ 

and we can form a Hopf subalgebra V q C E^Cs [3 )[[£]] generated by the set of 
generators 

jfc := L\L^ 2 ,x := f 2 ,z:= q^ 1 L\L^ 2 e x ^ - - | • 

with the following structure: 

kxk^ 1 = q 2 x, kzk^ 1 = q 2 z, q 2 xz — zx = —tz 2 



A(k) = k<g>k, A(z) = z ® k + 1 ® z 

A(x) = x®k~ 1 + l®x + t z® ( ' fc ~ fc \ 

1 — q z 

The structure of its specialization T>\ « T> q ®^l is the following: 

[y, x] = x, [y, z] = z, xz — zx = —tz 2 

A(y) = y® 1 + 1® j/, A(z) = z®l + l®z 
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A (a;) = x®l + l®x — tz®y 

where 

k-1 
y ■= — r- 

q - 1 

Finally we obtain the stated map 

t: W' x ->©i C U y {sh)[[t}} 

by fixing its values on the generators 

l(X) = l(Y) = y, l(Z) = tz. 

where the generators X, Y, Z fulfills the relations 

[Y,X]=X, [Y,Z] = Z, [X,Z] = ±Z 2 

and the coproducts are obtained from by substitution Z for Si. Next, l is 
an isomorphism as i maps the basis of Ti'i : {X k Y l Z m } fc ; m>Q onto the basis 

of Dr : \x y z \ □ 

I J fc,Z,m>0 

Now we can obtain 
Proposition 9. An element 

F q = (W® W)eacp g - a ( J_ ' a / 2 ® e 1 )A(^- 1 )(^- 1 <g> V^ 1 ), 

where 

q^t t 
F ^cxp,- 3 (- eiL^" 2 ) .exp 92 (^— - / 2 ), 

restricts to a twist in (5(3 )[[£]]. 

Proof. It is convenient to introduce notation 

•Fee = (V <8> V) exp g _ 2 ( ( ^ g 2) 2 ^ ® e A ( 1/ " 1 )- 
Then by the reasoning of Proposition we can prove that 

1 / T- 2 r2 1 r-2r2„2(n-l) i\ n"!* 2 

Next, the following element 

Fee ■= {W <8> W^cgHW' 1 ) 
is a twist in [7^ (s [3 )[[£]] and respectively 

F q = {W® W)T CG {W~ l ® W^ 1 ) 
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defines a twist in [/^(s^^]]. Explicitly 

F q = 1 ® 1 + J2 T-r-i 1 ® ^SHh 1 2 i ' 

z — ' {n) n 2\ \ a 2 -1 a z — 1 / 



(n),2! V g 2 - 1 g 



■2-i 1 „ L 1 L 2 - 1 



l-te 1+2 L 1 q 2 -l 

again similarly to Proposition[|)]we check that F q resticts to a twist in U' q ^ (sis) [[t]]. 
If we specialize q = 1 and apply Proposition [5] we obtain 

Fi = 1 <g> 1 + V — (1 ® F(Y - 1) • • • (Y - n + 1))(2X <g> 1 + Z (8> IT- 
' n! 

Note that a formula for Fi was obtained in [7] by a direct check in the study 
of the twists for SI2 Yangian. To make correspondence with we additionally 
twist Fi by a coboundary: 

F[ = (exp(t XY) ® exp(i XF)) Fi A(exp(-i 17)) 

expanding in £ we have 

F{ = 1 ® 1 + 1 • (X <g> F - y <g> x + <» r) + • • • 

Thus F[ is equivalent to 0. □ 
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